1467

NACA TN No. 146

IR

o 735
7 MAY 1348

NATIONAL ADVISORY COMMITTEE
FOR AERONAUTICS _

EscRNICAL NoTE T e

No. 1462

BENDING OF RECTANGULAR PLATES
WITH LARGE DEFLECTIONS
By Chi-Teh Wang
Brown University

~ R

‘Washington
April 1948 e e e e oL

N A CA LIBRARY
LANGLEY MEMORIA‘I; (;zE:}ONAWICAL
Langley Field, Va. -



NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 1hép

BENDING OF RECTANGULAR PLATES
WITH LARGE DEFLECTIONS

By Chi-Teh Wang
SUMMARY }

Von Kédrmén's equations for thin plates wlth large deflections are
solved for the specisl cases of rectangular plates having ratios of length
to wildth of 1.5 and 2 and loaded by uniform normal pressure. The boundary
conditions are such as to approximaste panels with riveted edges under
normal presgure greater then that of the surrounding panels. Center
deflections, membrane stresses, and extreme-—Ffiber bending stresses are
given as functions of the pressure for center deflections up to twice the
thickness of the plate. For small deflections the results are consistent
with those glven by Timoshenko,

INTRODUCTION

A general numerical method for solving Von Kérmén's equations for
thin plates with large deflections was developed in reference 1. A
square plate loaded by uniform normal pressure wilh simply supported edges
wvas studled. The boundary conditions approximate the case when a riveted
sheet—-stringsr panel is under normal pressure greater than that of the
surrounding ones.

It was subsequently decided to extend the investigetion to rectangular
plates of various ratios of length to width. Two special cases are studied
in this report; namely, rectangular plates for which the ratio of length
to width has the value of 1.5 or 2. (For rectanguler plates having =
length equal to or greater than twice their width, experimentel evidence
(reference 2) indicates that they can practically be regarded as infinitely .
long.) Center deflections, membrane stresses, and extreme—fiber bending
stresses are glven as functions of the pressure for center deflections up
to twice the thickness of the plate. For smell deflections, the results CoT
are consistent with those obtained by Timoshenko (reference 3).

This work was conducted at Brown University under the sponsorship
end with the financial assistance of the Natlonal Advisory Committee for
Aeronsutics.

The author 1s indebted to Professor W. Prager for his kind interest.
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SYMBOLS

length and width of plate; a, shorter side of
rectangular plate

thickness of plate
coordinates of & point in plate

horizontal displacements in x— and y-directions of
points in middle surface; nondimensional forms are
ua/h2 and va/h?, respectively

deflection of middle surface out of its initial plene;
nondimensional form is w/h

normel load on plate per unit area; nondimensionsl form
1s palt/Enk

Young's modulus and Poisson's ratio, réspectively

Eh3

flexural rigidity of plate { ———————————
12(1 - u2)

Sk

o'y' s Txy'

+ 2 +
Bxh' 3x2 By2 ayh

membrane stresses in middle surface; nondimensional
forms are cx'aaﬁihe, o'y'azﬁha, and -rxy’az/Ehz,
respectively '

extreme—-fiber bending and shear stresses; nondimensional
forms are o0."e2/Eh2, o "a2/Eh®, and r_ "a2/Eh?,
R 4 xy
respectively

membrane strains in middle surface; nondimensional forms
2 2
are Gx'a /hz, €y'a /112, and. 7xy'a’2/h2’ respectively

extremo--fiber bending and shearing strains ;- nondimensional

2
forms are ex"a.e/h s eyf'ag/ﬁ'za, 7xy"a /he, respectively

stress functlon; nondimensional form 1s Fﬁkha
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The deformat

first—, second—, . . . and nth—order dlfferences s
respectively

firgt-order differsnces in x— and y-directions,
respectively

FUNDAMENTAL EQUATIONS

ion of & thin plate, the deflections of which are large

in comparison with its thickness but are still small as compared with the

other dimensions,

is governed by Von Karmin's equations:

-T
e, , OF al‘r ® P e
ax* axeaya a T a2 %2 @
> 1
e, , O _2.B _aia_,,ﬁa%_a P P
At Bx23y2 By"" D D\xx2 3y? 3y° &2 3x 3y 3x dy
Eh3 o
where D = e———————e=—, The median-fiber stresses are
12(1 = p2)
s )
U':g—gl
Ty
3% g
K~ ©
T = - aaE
X ox dy

and the medilan—{iber strains are
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L _
ﬁ
y 1 F %
€xt = —— ] e—
E 332 3:2
€y _ °F 321“
¥y = il ® 4 (3)
T oHET ) ¢
— ! I 2(1 + u) BZF
Txy E & o
o’
The extreme—~fiber bending and shearing stresses are
2
o =B v, v
2(1 - u?) \ x? i
2 2
1" Eh oW oW
0" == +H (4)
J 2(1 = 1) <3y2 a2 ~
.o oo Eh 32w
4 2(1 + p) x dy

>

For a riveted panel under normal pressure greater than that of the
surrounding panels, the boundary conditions are formulated in reference

and are as follows:

w=20

P o

2 o ’

E——uﬁ:O
By2 x2

“N

(5)
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along any line x = Constant.

And, -
w=20
ox
3x=2 Bye' >
along x=i'--8é’- and
x—':% o
2
[ g
x=0 ox

-/

along any line y = Constent.

F
These expressions can be made nondimensional by writing -EE-, %,
L 2 h
P& g/mN° x y (a) ) ‘
=(= = end e{c— in place of ¥, w, p, O, X, ¥y, &nd e
3 2 El B4 I L] b4 s ] 2 3
o 50 BB = o
respectively, where a is the smaeller side of the rectangular plate.
(These latter symbols are used to effect a reduction in the amount of
writing involved in the equetions.) The resulting differential equations

can then be transformed into finite-difference equations. In terms of
finlte differences, the differentlel equations (1) are replaced by the

following equations:
Q ns ‘T
2
I:(Amw> B Axamyﬂ

) ), .
10.8(A1) p + 10.8éx2my2w + OFF Ax%«

AN 4 QAUEF + Ay"‘F

N

(7)

L ) - I
Axw+2Axy2w+Ayw

- EA,WQF‘\xya")
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where Al = Ax = Ay end u2 is taken to be 0.1, which value is character—

istic for aluminum alloys.

In terms of finite differences, the boundary comditions are

-
Ym,k = 0

_ (Ayew)m,k =0
@yer - uAPF mx = ©

along &:i'-g-, and

Llo-mr 1], -

—’

(8)

where n = k denotes points along the edges y = * b n = 0 denotes

E:

points along the center lines y = 0, and m = 1 denotes any
the line x = Constant in the plate. Similarly, along x = 1%

boundary conditions are

)

", = O
| Cc™)ipn = © |
éxeF e S;%)k,n -0 7
and - .
g E\yaF - ua BF —% (Axw)a_—Jm,i =0

ol
i,

nt along
the

(9)

where m = k denotes points along the edges x =+ &, m = O denotes

—2,

points elong the center line x =0 and n =1 denotes eny point along

the line ¥y = Constant 4n the plate.

kS
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The normal medlan-fiber stregses are : -

2p
o'y = Ay
(e2)" (10)
-~ > l
o'_ = AXQF
Y (a1)?

eand the extreme—fiber bending stresses are

"o 1 2"_ 2‘:\
" 2(1 - u®)(a1)? b+ u)
S . (11)

v =T 2(1 - ;.@)(Az)2 ( CARY )

RECTANGUILAR PILATE WITH LENGTH-WIDTH RATIO OF 1.5

UNDER UNIFORM NORMAL PRESSURE

The plate is divided into 24 square meshes. (See fig. 1.) The
points 2', 5', 8!, 9!, 10!, 11!, and 11" are fictitious points outside
the plate in ordsr to make poasible a better approximation to the boundary
conditions. Since the plate 1s symmetrical with respect to the center
lines, only ons—quarter of the plate needs to be considered. In order to
get satlsfactory results in the subsequent computations, it 1s convenient
to use a number of figures beyond those normelly considered Justifiable
in view of the precision of the basic data.
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With p2 = 0.1 or u = 0.316228, the compatibility equations
beconme

20F — 16F, + 2Fy — 16F3 + 8F) + 2Fg = K,

—8Fy + 21F, — 8F, +-4Fy - 16F), + W5 + &y + For =Ky

— 8F + 2Fp — BFy + 20F) — 8F5 + 20g — 8Fy + g + Fyg + sy = K,
Fo — 8F3 + 4F) + 20Fg — 16Fq + 2F8—8F9+1LF10 +Fgr = Kg

Fl+2F

3 = 8F) + &y — BFg + 21F7 — 8Fg + &g — 8y + 2Fyy + Fgr + Figr = Ky

where K,, K, 3, Klt’ K6’ and K7 are equal to [(Anw>2 Ax_ewAy»i]
at points O, 1, 3, Lk, 6, and 7, respectively.

The equilibrium equations are
20wy — 16w) — 16wz + 2up + 8wy + 2vg = ' + 10.8/a’g(Bwy — 2vo)

+ B'g Ewl —2"0)’27'0@& + Wg — Wy —w3)]

21wy — 8w0 — 8wy — l6wr,+ + hw3 + hws + 2y + Wy = p' + 10.8[c_'x'1<2wh_— 2wl>

N R A O RE R CRESL D

2lw3 - 8wo - 16'wh_ - 8w6 + hwl + 2w5 + ll-w7 + Vg = '+ 10.8Ex'3(w6 - 2w3 + wo>

+ I3'3<2w,+ - 3> - 27'3@7 + Wy = Wy — W6>]

22wh+2vro—8wl+2w2—8w3—8w5—8w7+2w6.+2w8+hwlo+w5'=p‘ g

+ 10.8l;a.'1+(w7 - 2w + wl> + Blh(‘% - 2»«7'1'r +—w3> - 27'1;(‘_”8 + W) — Wy — w.-D]

20wg + W — 8w3 + by — l6w7 - 8w9 + 2vg + by o + Vgr = P’

+ lO.8[cL'6Cw'3 — 2w + w9> + 5'6(2w7 - 2w6) - 27‘5@10 + Vg = Vg = w9>J

21'W’7+'W’l+2W3—8W')++2W5—8W6—8W8+2W9—8Wlo+2wu + WG +wlo, = p'

(12)

+ 10.8 IE’""{Q"IO - 2w7 + wh_) + ﬁ‘-(crg - 2w..( + w6> - 27'7("11 + Wo —vg — wl@]

(13) “
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where p' = 12(1 - ;:.2)(A7.)""p = 0,0421875p since Al = %_, and at, B',

and y' are AP°F, A’?F, and A F at the points indicated by the
subscripts, respectively.

The conditions for zero edge displecements are
@3- ) ~+(Es =)+ (@ - ) <u( - 0y - 3) + (35 =)
) -
fo - vy + ¥e) —ulemy - =) + (o8 - 1y + 2By —u(em, -y v o)
b (- oyt ) mufy -y +Ey) =8,
(3 = g + Tg) = u(Ery = Fe) + (B, = Wy + 2g) — u(Eg - P + ) &
+(F5 — aPg + Fyy) = u(Fg — g + 7)) = 8
(ry - =) - u(emy - o) + (b, - 1) — (g - 7y + o) + (T, - ie)
- u(Ey - g+ o)+ (0 - ) — (g - Ty + I'9'_) "
(o ~ 2y + Tp) —u(Em, - 2Fy) + (5 = 4y + oF.) —u(eF, —bF + %)
+ (g = Wy + F)— (2, — W8+ B )+ (Fyy = Fyo + F)

—n@Ey = o + Fror) = 55 /

(1k)

where
8 = Q’e - 1)2 + ("'1 “’o)2
Sp = (s —)® + (= vy)®
83= (i = w7)" + (¥ = ¥)°
8, = (g - v6)” + (g - "3)2 + ("3 "“'0)2

% = (a0 = %)? + (7 - )%+ Gy =) 2
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The bouniery conditions are

w2=0,w =0,v8=0,w =O,wlo=0,wll=0

> 9

' —-— =
w2 2w2‘ + '1 0
L - =
“'8' - 2“8 + Wo = (o)

g' T Y9

wlo, —2"10 + w7 =0

Fa,-ava+rl—u(zs'5-91‘2)=o
F5;—2F‘5+Fh—u<F8—2I‘5+F2)=O
FB,-aFe+1r7-u@n-ers+r5) =0
F9,-2!‘9+F6—u(2i‘10-21‘9)=0 |
Flor = Fion +F7"“(F11‘_ﬂ'10+r9) =0

Now the boundary-value problem determines the values of w uniquely and
the values of F +to within an unknown constant. Since the actual value
of the constent 1s irrelevent, it mey be defined by letting Fll = 0,

On combining the boundary conditions with equations (12), (13), and (1L),
the final equations are

.
]
1]

i

|
| &

E

i

: 4 .
i

i
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- 8F0 + 20Fl - 6.63211-56F2 + hF3 - 163*# + h.6321+561?5 + 29‘7 =K
~ 8F, + kF, + 21F

—16F4+ZE' - 8Fg + 4F_ +F_ =K

3 > T "9 73
2Fq = 8F; + 2.316228F, — 8F; + 21F) — 6.632U56F5 + 2F¢ ~— 8F., + 2.316228F
*Fo =K

+ bF), + 19F¢ — 167, + 2Fg — 6.632456F  + 4.632456F, ) = Kg

3 7

1
- 6.632&563‘10 = Ky

— 2y = 3.367T5h4F; — 24324567, + 2F; + 4F) + 1.8F5 = 5;

Fo + 2F1 + 0.9F, — &5 — 3.367544F), — 2.432456F; + Fg + 2y + 0.9Fg = Sp
F3 +2Fy, 4+ 0.9F5 - Fg - 3.36751#;3'7 - 2.432&563‘8 + Fg + 25 + Fpq = s3

- 2y + Fy — 4F3 + 4F) ~ 3-3675“*1‘"6 + ur7 - 2.4321;563'9 + 1.8Fq = Sy,

Fo —2F; +.Fp + 3 ~ I;Fh + 25 + g - 3.36751+J+F7 + 2Fg + 0.9Fg

F. + 25'3 - th + 2'316228]-5 - 8F6 + lgF7 - 6.632’-‘-563'8 + 2.316228F9 > (15)

- 2.&321;561*10 = s5

and
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[20 + 21.6(01,'0 + B'o + 7'05‘ Vg — [1:6 + 21.6@'0 + -7‘0)]1;1 T
_[56'+ 21.6 (?‘o + 7‘o§] w3 + (? + 21.67‘6>wh + 2wg = D'
- (8 + LO.SB'l) wo + [20 + _21.6(0;'1 + B!y + 7'1)] Wy + bwg
- EIS + 21.6(a10+ 7‘@ W, + 2w..( = p!
- (8 + 1r:).8u,'3)w0 + bwy + [21 + 21.6@‘3 + 5‘3 + 7'3)] w3
- E.(S + 21.6@'3 + 7‘3)] Wy, - [8 + lb.B(a‘3 + 27‘3):] w6.
+ (h + 21.67'3)w7 + wg = p'
2w — (8 + 10.80.‘;1)111 - (8 + 10.83',Dw3 + E?l + 21.6(:.& ¥ By, * 7'#)] v,
+ 2wg —|8 + 10.8<a.',+ + 27'@] W, = p'
¥y~ (8 + 10'8“'6)“_’3 + by 4 EL9 + 21.6(&‘6 + Blg + 7‘6)] Vg
- E.G + 21.6(B'6 + 7‘6)] Vo = P!
vy + 2wy — (84 10.8a',{)w,+ -(8+ 10.88" /¥

+ E-9 + 21.6(0&'7 + B',(, + 7'7)] w, = !

~

(26)

By following the procedures outlined in reference 1, equations (15) and (16)

cen be solved simultaneously for w and F by the method of successive
approximatlons.

RECTANGULAR PLATE WITH LENGTE-WIDTHE RATIO oF 2

UNDER UNIFORM NORMAL PRESSURE

The plate is first divided into 8 square meshes and then into 32 square
meshee. (See figs. 2 and 3, respectively.) On referring first to figure 2,

points 1', 3%, &', 5', &énd 5" are fictitious points outside the plate in
order to glve a better approximation to the boundary conditions. Consider
one-quarter of the plate; the compatibility equations are

20F, - lé;Fl - 16F2 + 8F‘3 + 2F) + 2Fl' = KO

(17)
20F, — 83'0 —'lGF3 ~ 8F) + UFy + ll-F5 + Fy+ &g+ Fh,' = K’l
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vhere K, smd K ere equal to l:(Axyw) szmyzw] at points O and 1,

re spectively.

The equilibrium equations are
ﬂ

20wg — 16wy = 16w, + Bvg + 2wy + 2w, = D' + 10.8 fato (2w, — 2p)

B'o(ewl - 2w0) - 27'0(w3 + Vg =W - we):l

20w, — &g — 16w3 - 8arLL + lwl + lw5 + wy + 2w3, + Wy > (18)

= p' + 10.8 E"QQ'O - v, + wl;) * B'2<2w3 - 2"2)

- t - -
2y 2(w5 +1r2 w3 w@
L ana al, B', and

vhere p!' = 12(1 - p.e)(Az)h' = 0.675p since Al = 5
7' are A°F, Ay%s', and AxyF at the points indicated by the subscripts,
respectively.

-~

The conditions for zero edge displacements are .

(erg—ﬁ()) —u(eFE, - =) + (r; - 2r) - u(®, - 2y +Fl,> = w2
eo-aFaath)-u(zer-aFa)af(F 2E'+F5) (F 2F+F3>=w22
. (2Fl - 2]‘0) - p.(QFZ - 2Fo) - 2}1(3'0 -— 21"2 + le-) + 2@‘3 - 2Fg)

- p(Fe - 2}!‘,{_ + Fl(-') + <2F5 - QFLF) = (w2 - wo)e + w22

(19
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The boundery conditions are

wl=0,w3=0,wh=0,v = 0

w3,+v2=0

wu,+w2=0
Fl,—a’Fl+Fo-u(2F3-2E‘1) = 0
F3,-2F3+F2—u<F‘l—2F3+F5)=O

Fu,—2Fh+F2-u(2F5—ZE‘h)=O

1462

The problem can now be solved uniquely for the values of w =and the values
of F +to within en unknown constant. As the actual value of the constant

lg lrrelevent, it may be defined by letting F5 = 0,

Combined with the boundary conditions, eguatioms (17), (18), and (19)

are then
18F — 13.264912F) — 16F, + 9.26L012F; + oF) = K,

~8Fo + 4.632456F) + 18F, — 13.264912F; ~ 6.632456F, = K|

—1.36754iF, — 2.532U56F, + oF, + 1.8F, = o2

Fo + 0.9y — 1.3675&&1?2 - 2.532&56?5'3 +F) = w2?

0
2

— 27 + 2Fy — 3.36T5UUF, + bF3 — 2.532u56F, = (wp — w0)2 + w?

[18 + 21.6@% + B'g + P'Q)|Wo = [L6 + 21.6@", + ¥'Q)]vp = '

_<8 + 10.8<1.'2>w0 + [18 + 21.6@'2 + Bl + 7'2>]w2 = p?

(20)

(21)

i
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Equations (20) and.(21) can mow be solved simultaneously for w and F
by the method of successive approximations

With the values of w thus camputed as a first epproximation, the
case wherein the plate is divided 1Into 32 square meshes 1s,uow to be
studied. On referring to figure 3, points 2', 5', 8', 11', 12!, 13!
14!, and 14" are again fictitious points outside the plate in order
to give a better approximstion to the boundary conditions. Consider
one—quarter of the plate; the compatibility equations sare

20F, — 16F, + 2F, — 16F3 + &) + 2F¢ = K, B

—8F0+21Fl—85‘2+ll-F3—-l6F,_|_+ll-F5+2F7+F2g = K,

—8F + WF, + 21F4 — 16F) + 2F 8F6 + hF ¥ F9 L o

2F0—8Fl+25‘2—85‘3+22Fll_—8F5+2F6—8F7+2F8+FlO+F5, = X,

Fo—8F3+hEh+2OF6-16F7+2.“‘8—85'9+1+F10+F12=K6 >

Fl+2F3-8Fu.+ 2E‘5—8E‘6+21F7 —,8F8+2Fg—8FlO+ oFq + Fi3 + Fge =K7

Fy — &g + UF, + 20Fg — 16F + 2F)) — 8F , + W+ Fppe = K

F) + 2F6"8Er + 2F8—8F9+ 21F10‘8F11 + 21?12-85'13 + 2F) + Fg +Fl3,=K10

-

(22)

where K = [@ijw)a -Axaway2€] at the points indlcated by the subscripts.
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The equilibrium equations are _ -~
- - . = n! f -
20wy — 16wy 16w3 + 8w1L + 2w, + 2w = p' + 10.8E. 0(2"'3 2wo)

+ B'O(Ewl - 0) - 27'0(wh_ — W) = W3+ wo)

—8w0 + 2lv, ~ &72 + lw3 - l6wh_ + hw5 + BV ok Wy = p! o+ lo'BE'l@wh - 2wl)

+ B’l(w2 — 2wy + w0> - 27'1(w5 — W, =Wy, + vl)]

—&ro + by + 2J.w3—1.6wh_+ 2w5-8w6+ ll-w7+ W = p! + 10.8 m’j(wo-ew3 +w6)

+ 5'3(2wh_ - 3) - 27'3(w7 - W), — Vgt v3):l

2w0—8wl+2w2-8w3+22wh_—8w5+2w6—8w7+2w8+wlo

+ Vg = '+ :f.O.BEt.'l‘_(w.7 - 2w, + wJ) + B’hQ’B - 2w + wa

Vo = 8w3 + hw,h_ + 20w6 - 16w7 + 2w8 —_8w9 LI

=p' + lO.8E'6<w3' - 2w + w9)- + B'6(2w7 - 2(-'6)
—27'6(11'10 -V, - w9 + w6)]

wl+2w3—8wh+2w5-8w6+21w7—8w8+2w9—8wlo

+ 1|-w10+

- = ! 1 -
+ .—_wll + Wyt wWg, =P+ 10.8E. 7("1; 2w7 + wlO)

+ E"'T@B - 2w7 + ws) - 27'7(wll —Wg =W o+ w_(i'

vy = 8w6 + hv7 + 20w9 - léwlo + 2w, - 8"12 + ll-wl3

+ 10'8[3"96"6 - 2w9 + wle) - 27'9613 — Vo~ Vot w9>]

wh_+2\«.'6—8w7+2w8—8w9+21wlo—'8wll+2w12—8w13+2w1h+wll, + W

+w '

10t * P

13t

= p' + lC'.SE'lo(WT - 2wy + wl3> + B'lOerl - 2‘_’10 * w9> o

—27'h(vws—w5~w7+wh):l P

- 27'106’11+ =Wy T Wizt "10) /}
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where p! = 12 (l - ue) (Az))* = 0.0421875p since Al = ]11, eand a', B!,
and 7 ere A °F, A 2F, and Ay F &t the points indicated by the
su'bscripts, respectively

The condltions for zero edge displacements are

2E3-23'0-u(21'1-23'c> +lt-Fu-hFl—2u.(F2—2Fl+FcD+2F5—2F‘2
-u<F2, —2F2+Fl) =8
Fo—2F3+F6-u(2Fk-2FS)+2Fl—l+Fh_+2FT-2u<F3-2Fh+F5)
+G‘2-2F5+F8) -_u(r5, -2?5+rh)=sa

F3-2F6+r9-u(21‘7-2r6)+2ru-ur7+wlo-m@6;237+F8)

+(F5-zw8+rn> —u<F7—2F8+F8'> -5,
F6—2F9+F12-ué}?10—2F9) + O, = W), 23'13'2“@9"”10“3'11)

+F8—2F11+Flh—u(Flo-2Fll+Fll,) =8,
eFl—an'o-u(qF3-ez'o)+1mh—lm3-au(ro-2r3+r6)+u3-7-1m6

-aié's-ﬂ“s-ri‘g)+l&Flo-h{E'9-214<B‘5—EE‘9+F12>+2Fl3-2F12

"‘(9 PF1p * Fia0) = 5
-2rl+ro-u(2s' —2?1)+2F - b7, + 2F, -a,:(x‘ -za'u+r7>+zn'8-w

+ 2P = 2u (rh = oF, + Flo> + 28 = WF 4 g - 21.1<F7 ~ 2F , + F13>

+F), =g+ Fppy = (10 oF 3+ Fig)) = 5

a0

o1 | | _

2 |
where S, 56( mel,n = ¥m,n) for 1=1,2,3, 4

and SJ = g (‘fm,n+l - n) for 3 =5, 6
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The boundary conditions are

"'g=°s"5=°s"'8=°:"11=°"’12=°’"13=°’“1u=°

Vot = 2¥p + Wy =0 . .
- = 0

w5' 2w5+wh

i

wll,—2wll+w10=0

w —2w12+w9=0

1l2¢

Wizt g+ W =0 .

Fl-2F2+F2,-u(2F5—2F2) =0
Fu—21§-5+1_'5,-u(1r2-2r'5f3'8> =0
F7-21'8+F8,-u@5-ei'8+1v1]) =0

Fio = Fpy + Fppe = (Fa =&t Flu) =

|
Q

Fog=2Fp + Fpop = u(zrl3 - 211'12) =0

i
o

Fio = 13 * Fizr = “(Elh - 2 3+ Fpp) -

The problem can now be solved uniquely agaln for the values for w and the
values of f to within an unknown constant. As the actual value of the
constant is irrelevant, it may be defined by letting .Flh = 0, -

On combining with the boundary conditions, equations (22), (23), and (24)
are then -
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20F, — 16F; + 2Fy — 16F3 + 8F) + &g = Ko
- 8F, + 20F; - 6.'632&561'2' + hF3 - 16Fu + h.632456F5 + 21?7 = K,
— 8F, + hFl+2lF‘3—l6Fh + o - BFg + 4F, + Fg = Ky

oFy — &F, + 2.316228F, — &, + 2IF) — 6.6321561?‘5 + Fg - & + 2.3162281&‘8

3
+ Fig = K
Fo — 8F3 + hFh + 20F6 - 16F7 + 2F8 - 8F9 + MFlO + F12 = KS
Fl + 2F3 - 8Fh + 2.3162281?5 - 8F6 + 2OF7 - 6.6321;563'8 + ?_Fg - 8}?10
+ 2.3162285'll + F13 = K7

F. - &'6 + h—FT + l9F9 - 161?10 + 2Fll - 6.632&56};‘12 + h.632h56Fl3 = Ky

F, + Fg - 85'7 + 2.3162285'8 - 8F9 + 19F. o — 6.63245611'1l + 2.316228?12
—6.632h56Fl3 =K,

—2Fg — 3.36T5WUF) — 2.432U56F,, + 2R + WF), + :L.87:5'5 =8, )

7 + O.9F8 = 82

- 2.432456Fg + Fy + Ryp + 0-9F); = Sy

F. + 2Fl +o.9I.«‘2 - oF, — 3.36715617'1L - 2.&321;561"5 +.F6 + oF

3

F3 + 2F) +Q9F, — 2Fg — 3.36TL5EF

5 T
Fg + 2F, +QIFg —2Fg ~ 3.367&56’5‘10_ — 2.432U56F ) + Fip + 2F 5 = S, i
~2Fq + Fy - Z(F3 + lﬂr1¥ - lLF6 + hﬁ7 - 3.3675’-1-14-3‘9 + 14-Flo - e.u321+56F_12
+ 1.8F13 = S5
FO - EFl + F2 + 2F3 - th + 2F5 + 2F6 - MFf + 2F8 + 2F9 - 3.3675HEF10
+ 2Fll + 0.9F12 - ?.h325th13 = Sg
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and . .
[20 + 21.6(cr.'c + B'O + 7'&] Yo EG + 21.6(13'0 - 7'0)] Wy
- {16 + 21.6@'0 +'y'o>]w3 + (8 + 10‘87'0>W1+ + 2w = p'
- (8 + 10.8ﬁ‘l) wgo + EO + 21.6(@'1 + B'l + 7'l51 L hw3
— [16 + 2]..6@,'1 + ?tJDth.+ 2w, = p! B
| -(8 + 10.&‘3) Vo + hwl + l__?l + 23..6@.'3 + B"S + 7'3>:| W
- E.6 + 21.6@'3 + 7'3] W), - E3 + 10.8<a.'3 + 27'3)] Vg
+ (h} + 21.67‘3> W+ Vg = p! .
2wy - (8 + 19'_8“'1+)""]_ - (8 + lO.BB'h) w3 4 [21 + Ié.'f..6(¢:r.'1,r + BY), 7'1‘)] ),
+ 2wg — 18 + 10.861’“_ + 27',4_)] Vo + Wig = p!
wo = (84 20.807 ) + b + [20 + 21.6(aty, + 87, 7'@] v
- [16 + 21.6 (5'6.+ 7'6)] 7= [8 + 10.8(a.'6 + 27’6j vy
+ (l* + 21-67'6) Wip = P! :
Wy o+ 2wy — (-3 + J:-O.Ba,'..{)wh_ - (8_ + lO.8B’T>w6 + [?_O + 21.6(@'7 + Bl + 7'72‘! v
+ 2vg = [{5 . 10;8(01.'7 + 27',()] Wig =P’ -
vy = (8 + _1'0'.80.'9)1;6 + lw,_( + EL9 + 21.6(0:.'9 + B+ 7’9)] "9
- EL6 + El'I'G(B'O + 7'0)] W19 = P°
W), o+ 2“6";-:-(8.-4' lO.Boc'lE)) ir7-"— (8 + 10.8{3'-10) ¥

' Rt t = 7!
+[19+ 21,6 (cc 10 Bt lo):l Vio =P

By the method of successive approximations, equations (29 and (26) can be
golved simultaneously for velues of w and F.

—

(26) '

i
I
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RESUITS AND . DISCUSSION

The bending problem of rectanguler plates under uniform normal
pressure with simply supported edges is studiled by finite—dlfference
approximations. The difference esquations are solved by the method of
successlve approximetion. The case of a square plate is studiled In
reference 1. In the present report, the computations sre extended to
rectangular plates with ratios of length to width of 1.5 or 2. Experil-
mentel work (reference 2) indicates that a rectangular plate heving a
length equal to twice 1lts wildth may be regarded practically as an
infinitely long plate. The maximum normal pressure calculated 1is
EEE = 250, which gives the center deflectlons sbout twice the thickness
Eh
of the plate.

The deflectlions at various points in the plate under different
pressure ratios are tebulated in tables 1, 2, and 3. The center deflec—
tions are plotted against the normal pressure ratio in figures L and 5.
The membrane stresses in the centers of the plates and at the centeres of
the edges are tabulated in tables 4, 5, and 6 and are plotted in figures 6
and 7. The bending and total stresses at the centers of the plates are
tabulated in tebles T and 8 and are plotted in figures 8 and 9.

As indicated in reference 1, the plate sghould be designed for strength
on the basis of clamped edges and for maximum deflection or washboarding
according to the boundery conditions such as formulated in the present
report. The finite-~difference equations give the values of deflections
wilth good epproximstions, whereas the stresses, which are obtained by a
- second—order numerical differentiation, sre always less accuratse.

Brown University
Providence, R, I.
November L, 1946
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TABLE 1 ; R

CENTER DEFLECTIONS

Wo/h
2l 15500 =2 |2y m =22 ;-2
EnY a ’ T |a : o | a ’ I
0 Y o) o]
12.5 .62L9 .7322 .6958
25 -87190 1.002 -9L63
50 1.175 1.323 1.241
75 1.37% 1.ck2 1440
100 1.528 1.713 1.596
150 1.769 1.982 1.8%0
200 1.957 2.194 2.033
250 2.115 2.372 2,196




TABLE 2
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DEFLECTION AT VARTIOUS POINTS

b .
l:;:=l.5} Al =€a

-2ull ICR T U R A B
Enlt h h h h h h
) 0 0 ) ) o 0
12.5 .62ug| 4526 .5627 07T .3563 | .2582
25 8790| .6398 | .7993 | .5818 | .5180 | .3750
50 1.175 .8606 | 1,080 . 7902 .T168 | .5183
5 1.37% | 1.009 1.269 .931k 8537 | .6167
100 1.528 | 1.125 1.116 1.0k2 .9613 | .6942
150 1,769 | 1.306 1.646 1.215 1.130 .81h0
200 1.957 | 1.4k9 1.827 | 1.350 | 1.263 .9091
250 2,115 | 1.569 | 1.977 | 1L.465 | 1.375 .5880

L}

TR

|
TS
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~TABIE '3
DEFLECTIONS AT VARIOUS POINTS
pe | ¥o ! ¥3 i, | Vg Y7 Yo | Yo
B | n n n o R n R | n
0 0 0 ) 0 o 0 0o 0
12.5 6958 | .5025] .6707| .u8k7| .5ThH9| .h159| .3585 | .2590
25 o463 | .6868( .9201| .6682| .8o7h| .5867| .5184| .3745
50 1.241 | .9055| 1.215 | .8870 [1.087 | .79s0| .7179| .5179
75 1.440 [1.054 | 1.hak [1.036 |i.277 | .9354| .8558| .616k
100 1.596 |1.171 | 1.569 | 1.152 |1.ho6 | 1.046 L9646 | .6938
150 1.84%0 [1.355 | 1.813 | 1.335 [1.658 |1l.220 |1.135 816
200 . | 2.033 [1.500 | 2.00% |1.k79 |1.840 |1.356 |1.269 .9097
250 2,196 | 1.621 | 2.166 | 1.600 |1.994% |1l.h71 |1.383 .9889
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26
TABLE 42
' MEMBRANE STRESSES
=15 &= i—'
palt ot a” a'yoa.e ot xla'e c'yla.e o' 123'2 ot ’23.2
En* Eh2 En2 Eh2 En2 En2 En2
) ) 0 ) 0 0 0
12.5 1,06k .6050 1.072 .3389 .2316 . 7325
25 2,109 | 1.213 2,150 6799 775 1.510
50 3.783 2,202 3.903 1.23h .8930 2.824
> 5.176 3.039 5.381 1.702 1.251 3.955
100 6.410 3.78% . 6.69h4 2.117 1.57h k.977
150 8.605 5.110 9.037 2,858 2.154 6.811
200 10.55 6.292 11.13 3.518 2.673 8.hs52
250 12,3k | 7.375 | 13.04 k25 | 3.153 | 9.972

a‘.‘i‘.\ﬂ:scu:.’q;'ls O denotes the center of the plate; subscript 1 denctes

the center of the sides x =

center of the sides y = X :g-.

+ gs

end subscript 2 denotes the

Sy

{5

T

Ry
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[; =2; Al = %]

pal* c:'Ioa,2 ot y0a2 | ot xlae ot ylaa ot 129.2 o! yaa.z
En¥ En2 En2 En2 ‘En® Eh® Eh2
.0 0*, 0 0 0 0 0
12.5 1.1k9 .6330 1.115 -.3525 .1897 .5998
25 2.132 | 1.201 2.103 6652 | .3751 1.186
50 3.692 | 2.1i9 3.690 | 1.167 6821 | 2.157
5 5,995 | 2.893 5.02% | 1.589 .ou37 | 2.981
100 6.156 3.585 6.215 1.965 | 1.178 3.726
150 8.218 | u4.816 8.332 - é.635' 1.597 5.049
200 10.06 5.916 | l10.22 3.233° | 1.971 6.234
250 11,75 | 6.928 11.96 | 3.782 2.316 7.32h

8subscript O denotes the center of the plate; éubscrii)ﬁ 1 denotes
the center of.the sides x.=* &; and subscript 2 demotes the

- 3°
. s T

center of the sides y = X %.

Faer
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A

palt ot e o"yoa.a ot x_1°'2 a'yla.a at x2°'2 ot y2°‘2
En* En2 Eh2 ¥h2 Eh? Eh? Eh2
0 o] 0 0 0 ) o)
12.5 1.293 5421 1.298 .1106 .2372 . 7500
25 2.403 1.035 2,441 T8 .4718 1.hg2
50 - k255 1.827 h.26k | 1.349 .8730 2.761
75 5.612 | 2.k96 5.788 | 1.830 1.220 3.859
100 6.911 3.09k 7.149 2.261 1.53k h.852
150 9.220 4,160 9.570 3.026 2,100 6.640
200 11.28 5.111 11.72 3.707 2,606 8.240
250 13.16 5.989 13.70 k,334 3.076 9.728

aSubscript O denotes the center of the plate; subscript 1 denotes
the center of the sides x = X &; and subscript 2 denotes the

2
W

center of the sides y = X g—

-
i

i

5 L

A
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TABLE T2
EXTREME-FIBER BENDING AND TOTAL
STRESSES AT CENTER OF PIATE

E=l.5; A‘Lsﬁ-_j

"

P‘;h :c_ma_._ 1 a"yoa. " o " s0n
Enk Eh2 Eh2 En? En?
o) 0 0 0 o]
12.5 3.413 2.075 L b7 2.680
25 k700 2,761 6.809 3.97h
50 6.137 3.476 9.920 5.679
p) 7.072 3.91k4 12.25 6.953
100 7.813 4,260 ih,22 8.0ul
150 8.909 L.777 17.51 9.887
200 9.770 5.177 20.32. 1147
250 10.49 - 5.519 22.83 12.89

8'Su'bscripi:. O denotes the centsr of the plate.
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TABLE 8%
EXTREME-FIBER BENDING AND TOTAL
STRESSES AT CENTER CF PIATE
24
U"xoae a"yoaa “xoae %50
oo Eh2 En2 Eh?2 Eh®
En*
A2=§-Az=§m=%m=%m=i:az=% -2
o) ) ) 0 0 ) 0 0
12.5 3.577 | 1.588 | 1.532| 4,580 | L. 871 | 2.221| 2.07%
25 L.761 | 2.069 | 1.925| 6.795 | T7.164| 3.271| 2.960
50 6.108 | 2.625 | 2.34k9| 9.81Lk |10.26 Lomhs | k,176
75 7.005 | 3.003 | 2,637| 12.11 [12.62 5.896 | 5.133
100 7.703 | 3.300 | 2.86k| 14,05 14,61 6.885| 5.957
150 8.792 | 3.767 | 3.224| 17.3k |18.01 8.583 | 7.385
200 9.651 | 4,138 | 3.519| 20.14 |20.93 |10.05 | 8.630
250 10.39 | k.52 | 3,766 22,64 |23.55 |11.38 | 9.755
®subscript 0 denotes the center of the plate.

i
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Figure 1.- Plate divided into 24 square meshes.
¥

par =T T e
|

31
T 1s §
|
|
|
|
[
p; 5 '{15'
!
!
|
2 3__—'_"_33'
|
|
|
I
1
7 7 F

[ —

Flgure 2.- Plate divided into 8 square meshes,

=

a

/2 /3 1”3 "'"_'}/4'
1
1
9 10 7 o
L
1
6 7 F:} }e’ -
I
- ——d
& 7 |4 5 I
. b
0 7 2 2

'
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Figure 4.- Center deflections for a rectangular plate under normal pressure. §= 1.5.
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Figure 8.~ Extreme-fiber total and bending stresses at center of plate. %- 1.5; 4l = %.
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Figure 9.~ Extreme-fiber total and bending stresses at center of plate. z=2; a4t = i’-.



